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Pointwise Bounds and Blow-up for Systems of Semilinear Parabolic 
Inequalities and Nonlinear Heat Potential Estimates 

Marius Ghergu* Steven D. Taliaferro^^ 


Abstract 


We study the behavior for t small and positive of 
v{x,t) of the system 


nonnegative solutions u{x^ t) and 


0 < Ut — Am < 

0 < Mt — Am < 


in 0 X (0,1), 


where A and <j are nonnegative constants and O is an open subset of K", n > 1. We provide 
optimal conditions on A and a such that solutions of this system satisfy pointwise bounds in 
compact subsets of O as t —>■ O'*". Our approach relies on new pointwise bounds for nonlinear 
heat potentials which are the parabolic analog of similar bounds for nonlinear Riesz potentials. 
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1 Introduction 


In this paper we study the behavior for t small and positive of 
and v{x, t) of the system 


0 < ut — Au < 
0 < Vt — Av < 


in n X (0,1), 


nonnegative solutions u{x, t) 


( 1 . 1 ) 


where A and a are nonnegative constants and U is an open subset of M”, re > 1. More precisely, we 
consider the following question. 


Question 1. For which nonnegative constants A and cr do there exist continuous functions hi,h 2 : 
(0,1) —>■ (0, oo) such that for all compact subsets iC of U and for all nonnegative solutions 
u{x,t) and v{x,t) of the system (ll.ip we have 


maxre(x, t) = 0(/ii(t)) as t —>■ 0'*' (1-2) 

xGK 

maxv{x,t)) = 0 {h 2 {t)) as t —)• 0"'' (1-3) 

x&K 

and what are the optimal such hi and /12 when they exist? 

We call a function hi (resp. / 12 ) with the above properties a pointwise bound in compact subsets 
for u (resp. v) as t —)■ O'*'. 
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Remark 1.1. Let 




(4 J)n /2 e for {x,t) G M" X (0,cx)) 

0 for {x,t) G M" X (—00,0] 


(1.4) 


be the heat kernel. Since — A4> = 0 in M"" x (0, oo), the functions uq = vq = ^ are always 
nonnegative solutions of (11.11) . Hence, since 4>(0,t) = pointwise bound as t —)• O"'' 

in compact subsets of for nonnegative solutions of dEU) must be at least as large as t and 
whenever is such a bound for u (resp. v) it is necessarily optimal. In this case we say that u 

(resp. v) is heat bounded in compact subsets of 12 as t —>■ O"''. 


We shall see that whenever a pointwise bound as t ^ O'*' in compact subsets of 12 for nonnegative 
solutions of dEU) exists, then u oi v (or both) are heat bounded as t —)• O"''. 

The literature on scalar and systems of parabolic equations is quite vast. A good source for 
this material is the book m- However, very little attention has been paid to systems of parabolic 
inequalities, and, as far as we know, all results deal with a very different aspect of these inequalities; 
namely the nonexistence of global solutions. See for example 13 12 do]. 

Let us mention some of the methods and tools we use to study Question 1. First and most 
noteworthy of these are some new results for linear and nonlinear heat potentials. To motivate 
them recall that if / : M” — )• M, n > 3, is a nonnegative measurable function, a G (0, n) is a 
constant, and 


r(x) 


C{n) 
X I ^ 


is a fundamental solution of —A in M"' then the Riesz potential of / is given by the convolution 


n — OL 

r ra-2 * y. 


It has been extensively studied because of its usefulness in potential theory and the study of elliptic 
PDFs. See for example the books Three important results concerning the Riesz potential 

operator, which are relevant to this paper, are Hedberg’s inequality [3; the Hardy-Littlewood- 
Sobolev inequality (see [TU p. 119]); and estimates for the nonlinear potential 


n — a. 

L "-2 * 



first studied in [8] • A crucial tool for the proofs of these results is the celebrated Hardy-Littlewood 
maximal function inequalities (see m p- 5]). 

In our study of Question 1 there arises naturally the need to obtain similar results for the 
convolution 


71+2 —a 

^ n 




(1.5) 


where / : M” xM^M, n>l, isa nonnegative measurable function, a G (0, n + 2) is a constant, 
and ‘h is the fundamental solution of the heat operator given by (m. These new results for the 
heat potential operator (11.51) are stated and proved in Section [3 using a modified version of the 
Hardy-Littlewood maximal function inequalities in which Euclidean balls in M" are replaced with 
heat balls in M”' x M. 

Two other tools required are a Moser type iteration (see Lemma 14.6p and a representation 
formula given in Lemma 14.11 for nonnegative super temperatures which is the parabolic analog of 
the Brezis-Lions representation formula [2] for nonnegative superharmonic functions. 
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2 Statement of results 


In this section we state our results for Question 1. We can assume without loss of generality that 
a < X. 

If A and a are nonnegative constants satisfying a < X then (A, a) belongs to one of the following 
four pointwise disjoint subsets of the Au-plane: 


A 

B 

C 

D 


(A, cr) : 0 < CT < A < 
re + 2 


re + 2 


(A, cj) : A > 
(A, (t) : A > 
(A, cr) : X > 


re 

2 re + 2 

- and 0 < cr < —I - — 

re re reA 

re +2 2 re +2 

- and-1--— < cr < A 

re re reA 


re +2 2 re +2 

- and cr =-1--— 

re re reA 



Figure 1: Graph of regions A, B and C. 

Note that A, B and C are two dimensional regions in the Au-plane whereas D is the curve 
separating B and C. (See Figure 1.) 

In this section we give a complete answer to Question 1 when (X, a) G AuBuC. The following 
theorem deals with the case that (A, cr) G A. 
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Theorem 2.1. Suppose u{x,t) and v{x,t) are nonnegative solutions of the system 

n\ A 


0 < ut — Au < ( f 
0 < vt — Av < ( It + ( ^ 


in ^ X (0,1), 


( 2 . 1 ) 


where the constants A and a satisfy 


0 < £7 < A < 


n + 2 


n 


( 2 . 2 ) 


and O is an open subset of MS', n> 1. Then both u and v are heat bounded in compact subsets of 
H as t ^ 0~^, that is, for each compact subset K of Q we have 


max u(x,t) = O I I —= 
xGK '■ \\^/i 


1 


and 


maxv(x, t) = O 

x&K 


1 ^ ” 

Vt 


as t —)• 0”*' 


as t ^ . 


(2.3) 

(2.4) 


By Remark 11.11 the bounds (12.31) and (|2.4p are optimal. 

The following two theorems deal with the case that (A, a) G B. 


Theorem 2.2. Suppose u{x,t) and v{x,t) are nonnegative solutions of the system (12.Ij) where 
the constants A and a satisfy 


^ n + 2 2 n + 2 

A >- and a < —I-— 

n n nX 

and n is an open subset ofM'^, n > 1. Then for each compact subset K of Q we have 


(2.5) 


11 1 \ n-i-2 

meiXu(xA) = o —= 

X&K ^ Wyft 


as 


t -7 0+ 


( 2 . 6 ) 


and 


maxvix, t) = O ( { —p 
x&K \\Vi 


as t —)• O'*". 


(2.7) 


By the following theorem the bounds (12.60 and ()2.7p for u and v in Theorem 12.21 are optimal. 

Theorem 2.3. Suppose A and a satisfy (ESP and ip : (0,1) ^ (0,1) is a continuous function 
satisfying lim^^Q+ ip{t) = 0. Then there exist C°° positive solutions u{x,t) and v{x,t) of the system 


0 < Ut — Au < 

0 <vt — Av < u° 


in (M” X M) \ {(0,0)}, n > 1, 


such that 


and 


u(0,t) / O I (p(t) ( 


as 


t -7 0+ 


liminfu(0,t)W2 > 0. 
t->-o+ 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 
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The following theorem deals with the case that (A, cr) E C. In this case there exist pointwise 
bounds for neither u nor v. 

Theorem 2.4. Suppose A and a are constants satisfying 

X>!^ and l + !!:±l<a<X. ( 2 . 11 ) 

n n nX 

Let ip : (0,1) —>■ (0, oo) he a continuous function satisfying 

lim ip(t) = oo. 
t-^o+ 


Then there exist C°° solutions u{x,t) and v{x,t) of the system 



0 <ut — Au < ' 

0 < vt — Av < u^ 

> in (M 

"xM)\{( 0 , 0 )}, n> 1 , 

( 2 . 12 ) 


U > 1, V > 1 

‘ > 




such that 


u{0,t) / 0{ip{t)) 

as t —>■ 0 '*' 

(2.13) 

and 


v( 0 ,t) / 0 ((p(t)) 

as t —>■ 0 "^. 

(2.14) 


The following theorem can be viewed as the limiting case of Theorem 12.21 as A ^ oo. 
Theorem 2.5. Suppose u{x,t) and v{x,t) are nonnegative solutions of the system 


0 <ut 


0 <vt 


Au 


Av < 



in Ll X ( 0 , 1 ), 


where a < 2/n and Ll is an open subset o/M”, n > 1. Then v is heat bounded in compact subsets 
of Ll as f —>■ 0^, that is, for each compact subset K of Ll we have 


maxn(x, t) 

x&K 



as t —)• O'*". 


(2.15) 


By Remark 11.11 the bound (|2.15l) is optimal. 

A consequence of the methods we use to prove the results in this section is the following simple, 
optimal, and apparently unknown result. The proof is, however, nontrivial being based on the 
representation formula in Lemma l4.II 


Theorem 2.6. Suppose u is a nonnegative solution of 

TV 


0 < ut — Au < 


ViJ 


in LI X (0,1), 


where 7 E K and Ll is an open subset of ML, n > 1. Then for each compact subset K of Ll we have 


maxu(x,t) = < 

x&K 


A)' 

((* 


n+2 


if j > n + 2 
if 7 < n + 2 


as t ^ 0'^. 


In the next section we shall derive the analog of Hedberg’s inequality for heat potentials as well 
as estimates for nonlinear heat potential which are crucial tools of our approach. More preliminary 
results are provided in Section SI The proof of the main results will be given in Section [5l 
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3 Hedberg’s inequality for heat potentials and nonlinear heat po¬ 
tential estimates 


We define Jq, : M" x M —[0, oo) for n > 1 and 0<a<n + 2by 

n+2 — a 

Ja{x,t) = ^{x,t) " 


(3.1) 


where is the heat kernel (|1.4|) . If / : x M —>• M is a nonnegative 

call the convolution Ja * f ■ IR"' x R ^ [0, oo], given by 


(Ja * f)ix,t) = 


n+2 — a 

<l>{x-y,t-s) n f[y^ 


measurable function then we 

s)dyds, (3.2) 


a heat potential of /. 

The main result in this section is the following theorem which gives estimates for the nonlinear 
potential Ja * ((Ja * /)'^)- This potential is the nonlinear heat potential analog of the nonlinear 
Riesz potential hrst studied by Maz’ya and Havin [8]. See also [U Chapter 10]. 


Theorem 3.1. Suppose 

a,/3 E (0,n + 2), and 1 < r < _ ( 3 , 3 ) 

n + 2 — p a + pcr 

Then there exists a constant C = C{n,a, i3,a,r) > 0 such that for all nonnegative measurable 
functions f : R"' x R ^ R, n > 1, we have 

(a-\-^cr)r cr(n-|-2 —/3r) —or 

||Ja*((J/3*/) )IIl°°(K"xR) < C'll/lli:,r’(RnxR)ll/llLcx,(Kn'xK) • 

For the proof of Theorem 13.11 we will need three auxiliary results of independent interest. 
Namely, (i) a heat potential analog of Hedberg’s Riesz potential inequality; (ii) a heat ball analog 
of the Hardy-Littlewood maximal function inequality; and (iii) a new Sobolev inequality for heat 
potentials. These three results are stated below in Theorems 13.21 and 13.41 respectively. 

To precisely state these results we hrst need some dehnitions. 

If (x, t) E R” X R, n > 1 and r E [0, 00 ] then the set 


Er{x, t) 


{{y, s) E R"" X R : <h(x — y,t — s) > if 0 < r < 00 , 
< {{y, s) E R"" X R : s < t} if r = 00 , 

_0 if r = 0 


is called a heat ball. 

Let d be the metric on R” x R dehned by 


(3.4) 


d{ix,t), iy,s)) = maxjjx - y\, ^/\t - slj . (3.5) 

For (x, t) E R” X R and r > 0 let 

Qr{x, t) = {(y, s) E R'^ X R : J ((x, t), {y, s)) < r} (3.6) 

be the open ball in the metric space (R"" x R, d) with center (x, t) and radius r, and let 

Pr{x,t) = {{y,s) E Qr{x,t) : s <t} (3.7) 
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be the lower half of Qr{x,t). 

Under the change of variables 



— rg = X — y, —r'^C, = t — s, where r > 0, 

(3.8) 

we have 

4>(x -y,t-s)= r"”4>(-??, -(). 

(3.9) 

Thus for 0 < a < 6 < 

oo and /3 G R we find that 


// 

4>(x - y, f - s)^ dy ds = f f $(-?,, -QP dg dQ 

(3.10) 

J J Ehr{x,t)\Ear(x,t) 

J J Eb(0,0}\Ea(0,0) 



and using the fact that 

Xn ^ (-^)X-Xn/2 < 0 > 0’ 

it is easy to check, for use in (I3.10p . that 


^{—r],—()^dT]dC, < oo (resp. 


Si (0,0) 


^{—r],—C)^dr]d(<oo) (3.11) 


'Soo(0,0)\Ei(0,0) 

if /3 > (resp. p <^). Clearly 

\Qr{x,t)\ = r'^~^‘^\Qi{0,0)\ and |Pr(a:^, i)| = ?’"'^^|.Pi(0,0)| 
and taking P = 0 = a and 6 = 1 in (13.10^ we get 

|P,(x,f)| =r"+2|Pi(0,0)|. 

Lemma 3.1. There exists rg = ro(n) > 0 such that 

Er{x,t) C PrQrix,t) C Qr^rixp) for all {x,t) G M” X M and all r > 0. 
Proof. Choose rg > 0 such that Pi(0,0) C Qro(O)O)- Suppose r > 0, (x,t) G M"’ x R, and 

(y,s) G Pr(x,t). 


(3.12) 

(3.13) 


(3.14) 


Then s < t and making the change of variables (13.Sp we have p3.9p holds. It follows therefore from 
the definition of Er{x,t) and (|3.14p that 

(r/,C) G Pi(0,0) C Qro(0,0). 

Hence max{|7/|, \/“C} < ^o. So 

d{{x,t), {y,s)) = max{|x - y\,Vt- s} = max{r|r)|,ri/^} < rgr. 

Thus (y, s) G Qrgr{x,t). Hence, since s <t, we have {y,s) G Pr^rixp). 


Lemma 3.2. Suppose a > —1, b > 0, and a > 0 are constants and g : 
nonnegative measurable function. Then 


a 


,a+l 


(2 “h 1 


f g{xy^’^~^^dx = f [ / g{x)^dx\ dX 

iK"* Jo \J{g>X/a} j 


□ 

m > 1, is a 

(3.15) 
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Proof. 


L.H.S. of (IXT^ 


/ 

Jw 


jagix)) 

tt H" 1 
/ rag{x) 


a+l 


-g{x)^dx 


I I / X^dX j g{x)^dx 

Jr"i yjo j 

[ ([ iX[0,ag{x)]W)>'''dX^ aixfdx 

/ / X[0,ag(x)](A)5'(a^)^dj;) 

Jo \JR"* / 


= R.H.S. of (IXT^ . 


□ 


The following theorem is the heat potential analog of Hedberg’s Riesz potential inequality [6]. 


Theorem 3.2. Suppose 0 < a < n + 2 and 1 < p < are constants and f : M”' x 
nonnegative measurable function. Then 


ap 

Ja * f{x,t) < for {x,t) € M” x 

where C = C{n,a,p) is a positive constant and 

1 




Mf{x, t) = sup ■ 


r>0 \Er{x,t)\ J J Er{x,t) 
is the heat ball analog of the Hardy-Littlewood maximal function. 
Proof. Let p > 0. Then 

rP I ' 


f{y,s)dy ds 


f 


rn-i-S—a \ I l„ , 

X \JJEr{x,t) 


f{y,s)dyds dr 


f 

JO 


1 


^n+3 


—XEr-{x,t) (y, s)f{y, s) dy ds ) dr 


"xR \J0 


r-P 1 


j.n+3—o 
■P 1 


—XEr{x,t) {y, s) dr f{y, s) dy ds 


Ep{x,t) \Jo X 
"P 


n+x::^XEr{x,t) [y, s) dr ) f{y, s) dy ds 
dr 


Ep(x,t) \ J - - -^- 7 — 

1 


^n+S—a 


f{y,s)dy ds 


n + 2 — a 


Ep{x,t) 


, , n+2-a 1 

<P(x — y,t — S) " — 


,n+2—a 


f{y,s)dyds. 


It follows therefore from (j3.13ll and (I3.17P that 


n + 2 —g 


Ep{x,t) 


^{x — y,t — s) " f{y,s)dyds<Cp'^Mf{x,t) for (x, t) E M” x 


IS a 


(3.16) 


(3.17) 


(3.18) 






















where C = C{n, a) is a positive constant. 

Let q be the conjugate Holder exponent of p. Then 

1 1 a n + 2 — a 

- = 1 - <1 -=- 

q p n + 2 n + 2 

and thus Hence by (|3.10l) . (|3.1ip . (|3.13p . and Holder’s inequality we get 


^ xM)\Ep{x,t) 


n+2 —q: 

- y,t - s) ~ f{y,s)dyds 


< 


< C 


Eao{x,t)\Ep{x,t) 


n+2 —a 

^(x — y,t — s) " ^ dy ds 


i/<? 


n+2 

1 \ p ' 

P. 


(3.19) 


where C = C{n, a,p) is a positive constant. 
Taking 

„ = (. 


\Mf{x,t) 


p/{n+2) 


and adding (13.181) and ^3.191) yields (I3.16p . 


□ 


The following theorem is is the heat ball analog of the strong Hardy-Littlewood inequality for 
the maximal function (I3.17p . 

Theorem 3.3. Let f G x M) be a nonnegative function where p € (l,oo] and n > 1. Then 

II^/IIlp(R"xR) < C'II/IIlp(R"xR) (3.20) 

where C = C(n,p) is a positive constant and Mf is given by (13.171) . 

Proof. The theorem is trivially true if p = oo. Hence we can assume 1 < p < oo. Let tq be as in 
Lemma l3.11 By (I3.12p and (j3.13p we have 


\Er{x,t)\ _ r"+2|i^i(0,0)| 


\Qrorix,t)\ (ror)^+2|Qi(0,l 


= C(n). 


Thus by Lemma l3.11 


Mf{x, t) = sup 


>0 \Er{x.it)\ J J Er(x,t) 


f{y,s)dy ds 


- 7v~Ti7L~~r~E\ 11 fiy,s)dyds 

r>0 C-[n)\QrQr{x,t)\ J J Q (x,t) 


1 


= sup 


>0 C{n)\Qr{x,t)\ JjQ,(x,t) 
^ Mf{x,t) 


f{y,s)dyds 


C{ny 


where 


Mf{x, t) = sup 


r>0 \Qr{x,t)\ J jQ^(x,t) 


f{y,s)dyds. 


(3.21) 
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Hence to complete the proof, it suffices to prove ()3.20p with Mf replaced with Mf. To do that we 
need the following d-ball analog of the weak Hardy-Littlewood inequality for the maximal function 
(I3.2ip . By a d-ball we mean a ball in the metric space (M” x M, d). 

Proposition 3.1. Let g E x M) be a nonnegative function where n > 1. Then 


\{Mg > A}| < 


^n+2 




for all A > 0. 


Proof. Let A > 0 be fixed. For each {x,t) E {Mg > A} there exists, by the definition of Mg, 
r{x, t) > 0 such that 

// g{y,s)dyds > X\Qr{^^t){x,t)\. 

Since g E x M), the radii r{x,t) of the balls Q^(^^ i-^{x,t), {x,t) E {Mg > A}, are bounded. 

Thus by the Vital! covering lemma we can find among these balls a sequence {Qj} of pairwise 
disjoint balls such that 


Hence 


U 5Qj D {Mg > A}. 

CO CO 

\{Mg > A}| < ^ \5Qj\ = ^ 5"+2|q^.| < 


5n+2 


iLl- 


i=i 


i=i 


□ 


Returning to the proof of Theorem 13.31 for each A > 0, we define h\{x,t) = f{x,t) if f{x,t) > 
A/2 and 0 otherwise. Since / E L^(M” x M), La E L^(M” x M). Also, it is easy to check that 


{Mf > A} C {MLa > A/2}. 


Thus, by Proposition 13.11 


\{Mf > All < |{MLa > A/2}| 

5n+2 

^y^ll^AllLl(R'ixR) 
2 ( 5 ’"+ 2 ) 


< 


f{y,s)dyds. 

{/>A/2} 

Hence, by Lemma 13.21 with 6 = 0,a = p— l,a = l,m = n + l, and g = Mf we have 


(3.22) 


\\MfE=p I XP-^\{Mf>X}\dX 


< 2p5 


n+2 


f 


XP 


-2 


{/>A/2} 


f{y,s)dyds dX 


= C{n,p)\\f\\P 


where the last equation follows from Lemma 13.21 with 6 = 1, a = p — 2, a = 2,m = n + l, and 
9 = f- □ 
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The Sobolev inequality for heat potentials is given in the following theorem. 

Theorem 3.4. Suppose 0 < a < n + 2 and 1 < p < are constants and / : M"’ x M —M is a 
nonnegative measurable function. Let 

_ (n + 2)p 
^ n + 2 — ap 

Then 

\\Ja * /||l'3(R"xR) < C'II/IIlp(R"xR) 

where C = C{n,p,a) is a positive constant. 

Proof. By Theorems 13.21 and 13.31 we have 

ap 

\\Ja* f\U < C\\f\\^^\\{Mf)^-^\\, 

ap ti+ 2 —ap 

<C\\f\\p. 

□ 

We are now able to prove Theorem I.S.II 


Proof of Theorem \3.1\ Let 

g = [Jp * /)”'. By Theorem 13.21 we have 


II 

* 5||oo < C\\g\\r^ llffiloo for 1 < p < 

a 

(3.23) 

and 

l|J/3*/l|oo<C||/||#"||/t'^ 

(3.24) 

because 

(n + 2)(T n + 2 Qo n + 2 

1 < r < 4-^ =-< -. 

a + jda 13 a + 13a /3 


Estimate (13.241) imolies 

ll9lloc = ||J/3*/||^<C||/||^||/C^. 

(3.25) 

It follows from (j3.3ll that there exist s G (r, (n + 2)/j3) and p G (1, (n + 2 )/q;) such that 



(n + 2)s 
~ n + 2- 13s' 

(3.26) 

By Theorem 13.41 we have 

\\9\\p = \\Jh*f\\;.<c\\frs. 

(3.27) 

We now use (|3.27l) and (|3.25p in (13.231) to obtain 


\\Ja * {{Jp * /)‘^) oo 

apa ‘^^’"('1 °‘P ) (rr ■> 

(3.28) 

Finally, using the estimate 




ll/ll. <||/||l||/||^ 
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in (13.2811 gives 


apcrr , crfSr /-i ap \ cupa s — r i / crBr n/i cap \ 

-+ ^U-7IT2),, + 


(Q:+/3<T)r <T(n+2—/3r) —or 


= C^II/II. ll/ll 


n+2 


by (IMH . 


□ 


Let ri = M"' X (a, h) where n > 1 and a < b. The following theorem gives estimates for the heat 
potential 


n + 2 —g 


(Va/)(x,t) = / / <^{x-y,t-s) f{y,s)dyds, 

J Jn 

where d> is given by (11.411 and a G (0, n + 2). 

Theorem 3.5. Letp,q G [l,oo], a, and 5 satisfy 

0 < 5 = - - - < ^^ < 1. 

p q n + 2 

Then Va maps LP{Q) continuously into L'^(n) and for f G LP{Q) we have 

I|Ki/||l9(o) < 

where 

M = C{b — for some constant C = C{n, a, 5) > 0. 


(3.29) 


(3.30) 


(3.31) 


Theorem 13.51 is weaker than Theorem 13.41 in that the second inequality in (|3.29ll cannot be 
replaced with equality. However it is stronger in that the cases p = 1 and q = oo are allowed. 
These cases will be needed in Section [5] to prove Theorem 12.21 

Proof. This proof is a modihcation of the proof of Lemma 7.12 in [5] dealing with Riesz potentials. 
Let 13 = ^(1 - ^) and r = Then by ([CT]) 

^ _ n(/3r- 1) ^ n + 2^ ^ ^ 


and for s < t we have 


2 2 1-6 

^{x — y,t — s)^^ dy = f ^{x — y,t — s)^^ dx 
Jr" 

1 


(47r)(/3»’-l)+2(^j.)n/2(^ — sYhr-l)n/2 ' 

Hence, letting X = (x,t), Y = (y,s), and h = we have 

||/i(X - •)||i.(t 2 ) < M forallXGO 

and 

\\h{--Y)\\Lr^u)<M for ally GO 


(3.32) 

(3.33) 


where M is given by (j3.3ip . 

-+rfl-i)=rfl + -- -)=r(l-,5) = l 

q \ pj \ q p; 
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and 


-+pS = p(- + 6] =1 

Q \Q J 


we have 

h{X - Y)\f{Y)\ = h{X - YY/^\f{Y)\P/ih{X - y)’-(i-Vp)|/(y)|P<5. 
Thus by Holder’s inequality and the fact that 

-+(l--\+6 = l 

Q \ Pj 

we have 


\Vaf{X)\< / h{X-Y)\f{Y)\dY 

Jn 


<( [ hiX-YY\f{Y)\PdYY' ( [ h{X-YYdY] ( / \f[Y)YdY 
\Jn ) \Jn J \Jn 


i-i/p 


So by (ICTD 


where 


ra/llM(0) < (^ljf(Y)YdYy J 


\ 1/g 

J: = ( / / h{X -YY\f{Y)\PdYdx) 

In Jn J 


\ 1/9 


j/(y)r (^j^h{x-YYdx^ dY^ 

(^j |/(y)|Pdy^ 

by (I3.33p . Hence (I3.30p follows from (I3.29p . 


\ 1/9 


□ 


4 Preliminary lemmas 

In this section we provide some lemmas needed for the proofs of our results in Section [2j 

Lemma 4.1. Suppose u is a nonnegative solution of 

Hu >0 in x (0,4ii) C M"" x R, n > 1, (4.1) 

where Hu = ut — An is the heat operator and R is a positive constant. Then 

u,Hu£ X {<d,2R)) (4.2) 

and there exist a finite positive Borel measure p on Hy^(O) and a bounded function 
h G C'^J{B^{0) X {—R,R)) satisfying 


Hh = 0 in 
h = 0 in 
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(4.3) 

(4.4) 










such that 


u = N + V + h in x (0, R) 


(4.5) 


where 

N{x,t) := f [ ^{x — y,t — s)Hu{y,s) dy ds, (4.6) 

Jo J\y\<VM 

v{x,t):= ^{x-y,t)dy{y), (4.7) 

J\y\<y/2R 


and is the heat kernel (HID. 

Proof. When R = 1, Lemma 14.11 was proved in |13j . The proof of Lemma 14.11 for R any positive 
constant is obtained by scaling the R = 1 case. □ 


Watson m provided another representation formula for distributional solutions of m in 
terms of integral potentials involving the Green function of the heat operator. See also Hirata [7]. 

Remark 4.1. Under the assumptions of Lemma l4.ll we have 


(47rf)"'/^u(x, t) < f dy{y) < oo for {x,t) G M"' x (0,oo). 
J\y\<V2R 

Thus by (j4.5|l we see that 

u(x,t) < C +N{x,t)^ for (x,t) G S^(0) X (0,i?). 


(4.8) 


To prove our results in Section [2l it will be convenient to use instead of the sets Pr{x,t) and 
Er{x,t) the sets Vr{x,t) and 8r{x,t) defined by 


Vr{x,t) = P c(x,t) 

^ for (x, t) G X M and r > 0. 

£r{x,t) = E^{x,t) 

(4.9) 

It follows from (13.121) and (13.131) that 


1 2 

|P,(x,t)| =r—|Pi(0,0)| 

(4.10) 

Ti j 2 

\£rix,t)\ = r~|Ti(0,0)|. 

(4.11) 

Also, by Lemma l3.11 


£r{x,t) C r^ 2 ^{x,t) 

(4.12) 


where rg = ro(n) is as in Lemma l3.11 

Lemma 4.2. Suppose {xo,to) G M"" x M and r > 0. If 


{x,t) £Vr{xo,to) and {y,s) e xR)\V 2 r{xo,to) 


then 


4>(x - y,t 


s) < 


C{n) _ 

j.nl2 
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Proof. Case I. Suppose to — 2r < s < t. Then \x — y\ > (\/2 — l)\/r and hence 


e 4(t-s) g 4 ^ 

- {4.(t-s))»/2 ^ 

g-(y2-l)2c ^ 

C>o (vrr/C)”/^ 

Case II. Suppose s < to ~ 2r. Then t — s > r and hence 

^ 1 C(n) 

Case III. Suppose s >t. Then <I>(a: — y,t — s) = 0. □ 

Lemma 4.3. Suppose K is a compact subset of an open set Q C M"", n > 1, and u{x,t) is a 
nonnegative solution of 

Hu >0 in Q X (0, 1). (4-13) 

Let {{xj,tj)} C K X (0,1) be a sequence such that 

tj —)■ 0 as j ^ oo. (4-14) 

Then for some subsequence of {{xj,tj)}, which we denote again by {{xj,tj)}, we have 

Pt.(x,-,t,) cOx (0,1), (4.15) 


'Ptj {xj ,tj ) 


Hu{x, t) dxdt ^ 0 as j oo. 


(4.16) 


and, for all a > 1, 
u{x, t) < C 


+[[ ^{x - y,t - s)Hu{y,s)dyds 

Vv j/ 


for (x,t) G VtU2a{Xj,tj) 


where C > 0 does not depend on (x,t) or j (but may depend on a). 


(4.17) 


Proof. By taking a subsequence of {{xj,tj)} we can assume there exists xq & K such that xj xq 
as j oo, and, for some e > 0, P 4 e(xo, 4e) C H x (0,1) and 


Vtj{xj,tj) cVeixo,e) for j = 1,2,. 


(4.18) 


Thus (I4.15P holds. 

By (14.181) . Lemma l4. 11 and Remark 14.11 we have 


Hu{x, t) dxdt < oo 


and, for (x,t) G 'Pe{xo,£), 

u{x, t) <C 


'P2e(xo,2s) 


4 =) +[[ ^{x - y,t - s)Hu{y,s)dyds 

VtJ J JV2e{xo,2e) 


(4.19) 


(4.20) 
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where C > 0 does not depend on {x,t). However, for 


ix,t)eVt j/2a{Xj,tj) and {ViS) ^'P2e{xQ,2e)\Vt./a{Xj,tj) 

we have by Lemma 14.21 that 


^{x -y,t-s) < C{n) ( — 


n/2 


and thus by (j4.19j) we find that 


C 


-y,t- y)Hu{y,s)dyds < for {x,t) G Vu/ 2 a{xj,tj). 

P2e{xo,2e)\Pt./aixj,tj) i]' 

Inequality ()4.17p therefore follows from (I4.20p . Finally, p4.18l) and p4.19l) imply (|4.16p . 


□ 


Lemma 4.4. Suppose CC fli CC flo are nonempty open subsets o/M",n > 1. Let u{x,t) be a 
nonnegative solution of 

Hu >0 in LIq X (0,1) 


satisfying 


Hu{x,t) = O 

xGQi 


-V 

Vt) 


as t ^ 


where ^ is a real constant. Then 


max u{x, t) = O ( ( —^ I ) + o 


X&Q.2 


Vi 


1 -) 

Vi) 


n+2 


as t ^ H 


(4.21) 


(4.22) 


If, in addition, 7 > n + 2 and v{x,t) is a nonnegative solution of 


0 < Hv < 1 u + 


where u > § then 


m^u(x, t) = O 
x£U2 


Vi 


1 

Vt 


+ O 


in rio X (0,1) 


(4.23) 


1 \ ^ n+2 

Vt) 


as 


t 0 +. 


(4.24) 


Proof. For the proof of (14.221) we can assume 7 > n + 2 because increasing 7 to n + 2 weakens 
condition p4.21l) and does not change (I4.22p . 

Suppose for contradiction that (|4.22l) is false. Then there exists a sequence {{xj,tj)} C n 2 X (0,1) 
such that tj —)• 0 as j —>■ 00 and either 


n 


lim Vh^u{xj,tj) = 00 if n > 7 - 
j ^ n ~t~ 2 


or 


_ n 

lim inf Vtj "'^^Vxjitj) >0 if n < 7 


n 


J^OO 


n + 2 


(4.25) 


(4.26) 


By taking a subsequence, we have by Lemma 14.31 with H = Hi, K = H 2 , and a = 2 applied to the 
function u that the sequence {{xj,tj)} satisfies 


VtAxj,tj) C Hi X (0,1) 


(4.27) 
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and the function u satisfies (|4.16p and (I4.17I1 . 
By (14.211) and (14.2711 we have 


Hu{x,t) < for {x,t) € Vt^/ 2 {xj,tj) 

V^j 


where ^ is a positive constant which does not depend on {x,t) or j. 
Define rj > 0 by 


lU 


A 


dx dt = 




Hu{x, t) dxdt ^ 0 as j —>■ oo 


by (|4.16p . Then by (14.1111 we have 


7 

rj = o ( ] « tj as j —oo 

because 7 > n + 2. Hence by (14.1211 . 

£rj {xj,tj) C Vt.i 2 {xj,tj) for large j. 
Thus by (14.9D . (I4.28D and (14.290 we have for large j that 


^{xj - y, tj - s) (- Hu{y, s) ) dy ds 

VVD J 


> 


njl 


njl 




- Hu{y,s) ) dyds 




Hu{y, s) dy ds 


> 




— y, tj — s)Hu{y, s) dy ds. 


So for large j we have 


4>(xj - y,tj - s)Hu{y,s)dyds < —= 

'Ptji2{xj,tj) vD 

Ar^r 


(4.28) 


(4.29) 


(4.30) 


{Xj ..tj ) 


^{xj — y, tj — s) dy ds 


< 


OD 




by P4.12I) and the fact that <h(xj — y,tj — s) dy ds = 1 for s < tj. Hence by (14.1711 and (14.3011 we 
hnd that 


u{xj,tj) < C 
< C 

= C 


f—v+ 

\y/h J J J'Pt./2{^j,tj) 

/ 1 y Arlrj 

^/A'\ 


4>(xj — y, tj — s)Hu{y, s) dy ds 


n+2 


as J —>■ 0 
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which contradicts (j4.25l) . (14.261) and thereby proves ()4.22p . 

Suppose for contradiction that (I4.24p is false. Then there exists a sequence {{xj,tj)} C f22X (0,1) 
such that tj ^ 0 as j —)• oo and either 


lim \/t^v(xj,tj) = oo if n > 7 -— 

j^oo n -\- 2 


or 


_ 71(7 — 2 

lim inf v{xj,tj) >0 if n < 7 




na — 2 
n + 2 ' 


(4.31) 


(4.32) 


By taking a subsequence, we have by Lemma ITBl with = Qi, K = ^2 , and a = 2 applied to the 
function u that the sequence {{xj,tj)} satisfies (14.271) and the function u satisfies (|4.16l) and (14.171) . 
Thus for {x,t) € Vt-/i{xj,tj) we have by (|4.23p that 


Hv{x,t) < ( u{x,t) + 


1 

vl 


< c 


[(it 




where 


{NDf)ix,t):= // <^{x - y,t - s)f{y,s)dyds. 


D 


Hence applying Lemma |T3] to v with H = Hi, iL = H 2 , and a = 4 we get 


v{xj,tj) < C 


< C 


(ti)' 


+ 


,7) 


4>(xj — y, tj — s)Hv{y, s) dy ds 


1 


(it) 


na—2 


+ {Kj{Hu)){xj,tj] 


(4.33) 


where 




Since ct > - we find using (I4.16p and (14.211) in Theorem 13.11 (with a = (3 = 2 and r = 1) that 


{Kj{Hu)){xj,tj) = o 


\sfqj 


as j —>• 00 . 


Thus (j4.33p contradicts (14.31114.32p . This completes the proof of (|4.24p . 
Lemma 4.5. Suppose u and v are nonnegative solutions of the system 

0 < Hu 


□ 


0 < Hv < \ u + \ -^ 


in Q X (0,1) 


(4.34) 


where Q is a open subset o/M"’, n > 1. Let K be a compact subset ofLl. 
(i) If a < 2/n then 

/ / 1 

as f —)• 0 “'“. 


maxu(x, t) = O 

x&K 


1 

Vt 


(4.35) 
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(n) If 


n + 2 2 n + 2 

A > - ana a < — I--— 

n n nX 


and 


Hu < u + 


Vi 


in H X ( 0 , 1 ) 


then for some 7 > n + 2 we have 


niaxHu(x,t) = O { { —^ | 

xeK \\ViJ 


Proof. We can assume for the proof of (i) (resp. (ii)) that 


0 < cr < — 
n 


as t O"*". 


(4.36) 

(4.37) 

(4.38) 


/ 2 2 n +2 

( resp. — < cr <-h 




n 


n nX 


(4.39) 


(4.40) 


because increasing a weakens the condition (I 4 . 34 p 9 on v but does not change the estimates (14.351) 
or (I4.38|) . 

Suppose for contradiction that (i) (resp. (ii)) is false. Then there exists a sequence 
{{xj,tj)} C K X { 0 , 1) such that tj —0 as j —)• 00 and 

v{xj,tj)^oo as j —>■ 00 (4-41) 

(resp. Hu{xj,tj) ^ 00 as j —00 (4.42) 

for all 7 > n + 2). To obtain a single sequence {{xj,tj)} such that (|4.42l) holds for all 7 > n + 2, 
one uses a standard diagonalization argument. 

By taking a subsequence we have by Lemma IT^ that Vt^Vj^tj) C n x (0,1), 


Hu{y,s)dyds^0 and // Hv{y,s)dyds^0 as j 

'Ptj 11 (xj ,tj) J JVt. 11 {xj ,tj) 


00 , 


(4.43) 


and for (x,t) E we have 

n(x, f) <C 


+[[ <I>{x-y,t-s)Hu{y,s)dyds 

VvT/ J J'Ptj2{xj,tj) 


v{x, t) < C 


+[[ ^{x-y,t-s)Hv{y,s)dyds 

Vv jj J J'Ptj/ 2 (xj Xj) 


(4.44) 

(4.45) 


where C* > 0 does not depend on (x,t) or j. 
Define fj,gj : ^ 2 ( 0 , 2) [0,oo) by 


71 + 2 


fV^lV) = rP Hu{xj + Vr]v,tj + rjC) 


n+2 


9 j{v,C) = rj ^ Hv{xj + ^/rfr],tj + r^C) 
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where rj = tj/A. Making the change of variables 

X = Xj + t = tj+ TjT 

y = Xj + y/^T], s = tj + rjC 

in (jl.4p . (j4.43p . (j4.44p . and (I4.45jl we get 

-y,t-s) = -r],T-C), 


and 


fjiv,C)dvdC ^ 0 and // gj{r],C) dr] dC ^ 0 as joo, 

'P2(0,0) J JV 2 i 0 , 0 ) 

u{xj + +rjT) < [1 + (iV 2 /i)(C,T)] for (^,r) G Pi(0,0) 




C 


{xj + tj + rjT) < [1 + 7V25i > '^)] ^ (0,0) 


(4.46) 

(4.47) 

(4.48) 


where 


(^H/)(?,'r) := // <A>{^-r],T-C)fiv,C)dvdC. 

>Vr{0,0) 


We now prove part (i). Define e G (0,1) and 7 > 0 by cr = ^(1 — e)^ and 7 = ^^(1 — e). It 
follows from (I4.46P and Theorem 13.51 with p = 1 and a = 2 that N 2 fj —)■ 0 in L'>'(P2(0,0)) and 
hence 

n+2 

(IV 2 /jr ^0 in LTT^(P 2 ( 0 , 0 )). 

Thus by Holder’s inequality 


(4.49) 


A>*(N 2 fir dridC < ||^> 1 |^||(iV 2 /,-)‘"||^i+^ ^0 as j^oo 
-Pl(0,0) '"+2^ 2(l-e) 

where ^*{riX) = ~0- l|4.48p and p4.46l) we have 


C 


v{xj,tj) < _ n I 1 + / / ^*9j di dr 


7^2(0,0) 


< 


( 1 + // ‘^*9j di dr 

VD \ JJpi{o,o) j 


(4.50) 


and for (^,t) G Pi( 0,0) it follows from (|4.341) 9 and (I4.47P that 

n+2 

gjiC,r)=r.^ {Hv){x,t) 

n+2 / / 1 

<r/ (^n(x,t)+(^-^ 

<C(^)-+2—(l + iV2/,(e,r))^ 


(4.51) 


Substituting (I4.51D in (I4.50p and using (|4.49l) we get v{xj,tj) < C which contradicts (I4.41D 
and thereby completes the proof of part (i). 
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We next prove part (ii). It follows from (I4.46I1 . (14.471) . (I4.48P and Lemmathat for R G (0, |] 
we have 


and 


C \ 1 

u{xj + ^77, tj + r^C) < ^ + iNmfj){v, C) 


c r 1 

+ rjT) < + {N2Rgj){C,T) 


for (?7,C) G P2 r(0,0) 


for (^,t) G Pr(0,0) 


where C is independent of (^,r), (gX), j, and R. It therefore follows from (I4.34p 9 and ()4.37p that 
for R G (0, we have 


71 + 2 


rj ^ fj{i, t) = {Hu){xj + tj + rjx) 


< C 


< Cr 


nl2 


—nA/2 


1 


Jln/2 

I 

J^n\l2 


+ {N2Rgj){i,T) 

+ {N2Rgj)iC,r)^ 


for (e,r) GiPi7(0,0) (4.52) 


and 


n + 2 


^ 9j{v,C) = {Hv){xj + +rjC) 


< C 


nl2 




Thus for X, r) G X M we have 






J^na 12 


for ( 77 , C) G V2r{0X)- 


i{N2RgM,T)r<C(rX ^ N2R 


71 + 2 _ 71 (T 


R^‘ 






( 71+2 —Tier) A 


<Cr^ ^ 


i?(i-""/2)" + ((M4K/,)(e,r))' 


where MrJ := NR{{NRfX). Hence by (I4.52D there exists a positive constant a which depends only 
on 71, A, and a such that for R G (0, we have 


/,(e,r) < Cjj^ (1 + m,RfXX,T))^) for X,t) G Vr{0,0). (4.53) 


By (14.361) there exists e = £{n, A, a) G (0,1) such that 


71 + 2 2 — £ 71 + 21 

cj < —:— and a < —^-h 


71 + e 


71 + e 71 + e A 


(4.54) 


To show that (I4.42|) cannot hold for all 7 > n + 2 and thereby complete the proof of (ii), it suffices 
by the definition of rj and fj to show for some 7 > 0 that the sequence 


{rj/j(0,0)} is bounded. 


(4.55) 


To prove (I4.55P we need the following result. 
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Lemma 4.6. Suppose the sequence 


{r“/j} is hounded m L^(P 4 r( 0 , 0)) 


(4.56) 


for some constants a > 0, p £ [l,oo) and R E (0, ^]. Let ft = aXa + a where a is as in (I4.53p . 
Then either the sequenee 

{rjfj} is bounded in (4.57) 

or there exists a positive constant Cq = Co{n,X,a) such that the sequence 

is bounded in L‘^{Vr{0,0)) (4.58) 

for some q E {p, oo) satisfying 

- - - > Co. (4.59) 

p q 

Proof. It follows from (|4.53|) that 


r^fj{f,T) <-^(l + (M 4 R(r“/j))(^,r))^) for (^,r) E Vr{0,0). 


(4.60) 


We can assume 


P < 


n + 2 
2 


(4.61) 


for otherwise from Theorem 13.51 and (j4.56p we find that the 
L°°{V4r{0,0)) and hence by (14.601) we see that ()4.57l) holds. 
Define p 2 by 

1 I _2-£ 

p p2 n+ 2 


sequence {N 4 R{r^fj)} is bounded in 


(4.62) 


where e = e(n, A, a) is as in ()4.54p . By ()4.6ip . p 2 E {p, oo) and by Theorem 13.51 we have 


m4Rfjr\\p,/a = WNmrn;, < cwf^w; ( 4 . 63 ) 

where || • ||p := || • \\LP{p.in{o,o))- Since, by (|4.54p, 

1_1 2 — 2 — £_n + e 1 

P 2 p n + 2 ~ n + 2 n + 2 a 

we have 

— > 1. (4.64) 

a 

We can assume 

P 2 /a <{n + 2)/2 (4.65) 

for otherwise by Theorem 13.51 and (14.631) we have 


||M4,?(r“/,)||oo < C\\iN 4 R{rff,)r\\p^/^ < C\\rff,\\; 


which is bounded by (I4.56p . Hence by (I4.60p we see that 
Define p^ and q by 


a 1 
P2 P3 


2-e 
n + 2 


and 


(j4.57p holds. 



(4.66) 
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By (14.6411 and (|4.65l) . p 3 E (l,oo) and by Theorem 13.51 


II II, = I|M4r/,-||^3 

<C||(iV4«/,-ri|J,/.<C||/,||^'^ 

by (14.631) . It follows therefore from (|4.60l) that 

\\r^ (l + ll^j“/illp") 

which is a bounded sequence by (I4.56p . It remains to prove that q satisfies (14.591) for some positive 
constant Cq = Co{n, \,a). 

By ()4.62l) and (|4.66p we have 


I 1 _ 1 A _ 1 (2 - e)A Act 

p q p P3 p n + 2 p 2 

_ 1 ^ (2 — e)A _|_ (2 “ e)AiT Act 
p n+2 n+2 p 

Xa-1 (2 - e)Xa + (2 - e)X 
p n + 2 

Case I. Suppose Act < 1. Then by (14.671) . (14.361) . and p4.40l) we get 


1 I ^ (2 - e)Ao-+ (2 - e)A 
p q ~ n + 2 


> Ci{n) > 0. 


(4.67) 


Case II. Suppose Au > 1. Then, by (j4.67p . 


1 

p 




- > 1 — aX + ■ 
q n + 2 

^ -[n + 2 + {2-e)X-Xa{n + 2-{2-e))] 


n + 2 
(n + e)X 
n + 2 


2 — £ n + 2 1 

-1-^— cr 

n + £ n + £ X 


= C 2 {n, A, cr) > 0 


by (I4.54p . 

Thus (14.591) holds with Cq = min(Ci, (72). This completes the proof of Lemma 14.61 


□ 


We return now to the proof of Lemma [4.5l iiL By (14.461) . the sequence {fj} is bounded in 
L^(P2(0, 0)). Starting with this fact and iterating Lemma 14.61 a finite number of times (m times 
is enough if m > l/(7o) we see that there exists Rq E (0, ^) and 'j > n such that sequence {rj fj} 
is bounded in L°°{Vrq{0,0)). In particular (I4.55P holds. This completes the proof of Lemma 
I4.5lf iii. □ 


5 Proofs 

In this section we prove the results in Section [2j 
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Proof of Theorem \2.1[ Since increasing a and/or A weakens the conditions (|2.1I) on u and v, we 
can assume a = X = Let w = u + v. Then it follows from (|2.1I1 that in 12 x (0,1) we have 


0 < Hw = Hu + Hv < ( u + ( -^ 


n+2 




n+2 


<c|.+ |T 


n+2 


for some positive constant C. Thus by m Theorem 1.1] for each compact subset X of 12 we have 


max(u(x, t) + v(x, t)) = maxrclrr, t) = O ( ( —= 

xeK^ xeK \\Vi 


as 


t 0 + 


which proves (|2.3|) and (|2.4p . 


□ 


Proof of Theorem \2.2i . Since increasing a weakens the conditions on u and v in (12.11) but does not 
change the estimates ( 12 . 6 p and ( 12 .7p . we can, instead of ( 12 .5p . assume 


,n +2 2 2 n +2 

A > - and —< a < — I - —. 

n n n nX 

Let {12j} be a sequence of bounded open subsets of M"" such that 

12j C 12 and K C 12i+i C 12j for i = 1, 2,.. 
By Lemma I4.5f iil , for some 7 > n + 2 we have 


(5.1) 


Hu{x,t) = O . . , 

xgfii Wyt/ 


TV 


Hence by Lemma 14.41 


1 

m^v{x,t) = O ( ( —= 

a:e02 \\Vt 


for some p > n. Thus by m, 


m^Hu{x,t) <o( 

xeOa \ WtJ . 


as 2 ^ O'*". 


as 2 —)• 0 "'' 


as 2 —>■ 0 "^. 


(5.2) 


Thus by Lemma 14.41 we get 


mg„(x.*) = 0((i=) )+»((/j)’’ "" 


as 


2 0 +. 


(5.3) 


By (15.11) . < 1. Thus iterating a finite number of times the procedure of going from (15.2p to 

(15.3p we obtain for some positive integer k that 


maxu(x, t) = O ( ( —p 

\\Vi 


max27u(x,2) = O 


Vi) 


cis t —y 


(5.4) 


which clearly implies (12.7p . It follows from fj5.4p and (12.ip ^ that 

^ 1 \ n\\ 
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as t —y 0 






Thus by Lemma 14.41 and (I5.ip 


imx u{x, t) = o 



as t —O'*" 


which clearly implies (|2.6I1 . □ 

Proof of Theorem A2.Sl Since A > and ip{t) O’*" as i —>■ 0"*“ there exists a sequence {Tj} C M 
such that 0 < 4Tj_|_i < Tj < ^, 


OO 

Ej < OO where ej = ipiTj), 
i=i 


and 


Let 


nX 

0 < Tj < Tjl2 where Vj = , 


M = min $ 
7’i/2{0,1) 


where Vr{x,t) is defined by (I4.9p . Then M > 0 and 

min $ = 

VT^/2{0,Tj) 


(5.5) 


For the rest of this proof the variables {x,t) and (^,t) (resp. {y,s) and (yX)) will be related by 
^ (resp. y = s = Tj + rjC). 

Under this change of variables, 

{y,s) G T’rj{0,Tj) if and only if {y,C) G ^i(0,0). 

Let V' : IK" X M ^ [0,1] be a C°° function whose support is Pi(0, 0). Define ipj : x R ^ [0,1] by 

V’i(y,s) = 

Then the support of fjj is VrjX,Tj) and 



i>j{y,s)dyds 



f’ivX) 



dij d( 


n+2 



where 


Let 


I = 



'ip{r],C) dydC > 0 . 


/ = Mj'f’j where Mj 
i=i 
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Since the functions V’j have disjoint supports, / G x M)\{0,0}). Also 



f{y,s)dyds = '^Mj 
J=i 



n+2 

V’i(2/, s)dyds = lJ2 ^ 

3=^ 


QO 

i=i 


Thus the functions u, v : M" x R —)> [0, oo) defined by 


u{x, t) 
v{x, t) 



M 




y3 


s)f{y,s)dyds 


are (7°° on R” x R\{(0,0)} and they clearly satisfy (l2.8p o and (|2.1Up . 
For (x,t) G Vrji^iTj) we have 


u(x, t) > 


Vr^{0,Ti) 


<l>(x — y,t — s)Mj'ijjj{y, s) dy ds 


nl2 


:Pi(0,0) 




Thus, letting 


we find that 


J= // ,^(^-r],-C)ip{y,C)dvdC > 0 

>Vi{0,0) 


£jj _ if{Tj) 


u{0,Tj) > = - 2 2 \ 

' ’ J' — nl2 npx in?\ 


as j —>■ OO 


t: 

3 


2(n+2) 


, 2(h+2) 


which proves (12.9F 

Also, for (x,t) G Prj(0, Tj), it follows from (15. 5 p that 

Hu{x,t) = f{x,t) = Mj'ipj < Mj 


Si 


Si 


< 


1 


n+2 n\ — 1 „n/2 

’■d r/ . 


1 


=v{x,ty 


A 


which yields i|z.o|i i . 

Proof of Theorem \2.4[ Define 


A + 1 cr + 1 

p := — - - and q : = 


Act — 1 


Act — 1 


Then 


Thus by (j2.1ip 


1 2 

p n 


A 

A + 1 




n + 2\ 
nA ) 


0 < q < p < njl. 


□ 


(5.6) 
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Also 


\q = p + l and ap = q + l. (5.7) 

Let {Tj} C (0,1) be a sequence such that Tj —>■ 0 as j —>• oo. Define Wj, Zj : (—oo,Tj) ^ (0, oo) by 

Wj{t) = {Tj — t)~^ and Zj{t) = {Tj — t)~^. 

Then by ()5.6p and (|5.7I) . we have for 0 < t < Tj that 

Wj{t) > Zj{t), w'j{t) > Zj{t), w'j{t) =pzj{t)^, Zj{t) = qwj{ty. (5.8) 

Choose tj G (0, Tj) such that Wj{tj) = tj . Then 

X- ji _ 1 

— — I = —)• 0 as j oo (5.9) 

by (15.6p . 

Choose Oj G {tj,Tj) such that Zj{aj) > jip{aj). Then 


Zj{aj) 

, \ —)■ oo as ? —)• oo. 

p{aj) 


(5.10) 


Let hj{s) = and Hj{s) = where Sj > 0 satisfies 

Qj + 2 ej < Tj, tj — £j > tj/ 2 , Wj{tj — £j) > and Zj{tj — £j) > (5.11) 

De fin e 


iOj = {{y, s) G M"' X M: |y| < hj{s) and tj < s < aj} 

Dj = {{y, s) G M"" X M: \y\ < Hj{s) and tj — £j < s < aj + £j}. 


By taking a subsequence, we can assume the sets Dj are pairwise disjoint. 

Let Xj ■ 1^"' X M —>■ [0,1] be a C°° function such that Xj = 1 in uij and Xj = 0 in M” x M \ Dj. 
Define fj,gj,Uj,Vj : x R ^ [0, oo) by 


and 


fjiy,s) = Xj{y,s)wj{s), gj{y,s) = Xj{y,s)zj{s) 



y,t 


y,t 


s)fj{y,s)dy ds 


s)gj{y,s)dyds. 


Then Uj and Vj are C°° and 


Huj = fj, Hvj = gj in R*^ x R 
'^3 — '^3 — ^ ™ ^ (~ cc , 0 ) 

where Hu = ut — Au is the heat operator. 


(5.12) 
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By (|5.8p and Theorem 13.51 we have 



y,t 


s)zjis) dy ds 

< 

// ^{x — y,t — s)w'j{s) dy ds 


L°°(R"x(0,l)) 

kJ kJ j\ilJj 


< (s) 

< Zj(tj) < Wj{tj) (5.13) 


provided we decrease £j if necessary. 

Also, for (x,f) E Q.j we have |x| < 4(Tj — tj) by (15.lip : and thus using (15.111) again we obtain 


Ixh 4(r,-t,) 8(r,-T) 

max —— < —— - — < - - - - ->• 0 as j —)• oo 


{x,t)£Q.j t 




tn 


(5.14) 


by (|5.9I) . Hence there exists a positive number M, independent of j, such that for all {x,t) E 
we have 

M^{x,t) > = 2wj{tj) > 2zj{tj). (5.15) 

In order to obtain a lower bound for uj and Vj in note first that for tj —£j < s <t < aj + £j 
and |x| < Hj{t) we have 


'\y\<Hj{s) 


4>(x - y,t - s)dy = 


1 


n/2 




where 


TT 

> - 
TT' 

> a, 


O^Y). •- 


>\z- 




a; 1^ 

y^4{t-s) y/4{t-s) 


(5.16) 


b- 


1 




e dz where ei = (1,0,..., 0) (5.17) 


vr 


n/2 


E (0,1). 


(5.18) 


(5.19) 


Some of the steps in the above calculation need some explanation. Equation ()5.16p is obtained by 
making the change of variables 2 ; = -^===^. Since \x\ < Hj{t) < Hj(s), the center of the ball of 

integration in (j5.16D is closer to the origin than the center of the ball of integration in (j5.17D . Thus, 
since the inteerand is a decreasing function of | 2 :|. we obtain (15.171). Since Hn is) > ^/W^, 
the ball of integration in (I5.17P contains the ball of integration in (j5.19p and hence inequality (I5.18P 
holds. 

Using (I5.18P and (|5.19l) . we find for (x,t) E that 


^{x — y,t — s)w'As) dy ds = / u)((s) 

Jtj-Sj \ 


'\<Hj{s) 


4>(x — y ,t — s) dy \ ds 


and similarly 


> aniWjit) - Wj{tj - £j)) > anVJjit) - Wj{tj) 

4>(x — y,t — s)zj(s} dy ds > OnZjit) — Zjitj). 
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It therefore follows from (j5.13ll that for {x,t) E we have 
Uj{x,t) > // ^{x — y,t — s)wj{s) dy ds 


and similarly 
Also, 


^{x — y,t — s)w'j{s) dy ds — // ^{x — y,t — s)w'j{s) dy ds 


> anWj{t) — 2wj{tj) 

Vj{x,t) > anZj{t) - 2zj{tj). 


R'^xR 


fj{y, s)dyds< / / w'As) dy ds 


<p ( [ 

Jo \J\i 


\y\<AATj-s) 


dy ds 


= CVnP r {Tj - - s)T/^ds 

Jo 

= 4A/‘^UJnP / {Tj - s^/^-P-^ds 

Jo 


_ ^n/2 


OJnP 


^n/2-p-l 


(5.20) 


0 as j ^ oo 


by (|5.6p . We consequently obtain from (jS.Sp that 



< oo 


provided we take a subsequence if necessary. Hence the functions u, v: (M"’ x M) \ {(0,0)} [0, oo) 

defined by 

CXD 

u{x, t) = 1 + M<I>(x, t) + Uj{x, t) 

i=i 

CXD 

v{x,t) = 1 + M^{x,t) + Vj{x, t) 

i=i 

are (7°° and by (|5.12l) we have 

CXD CXD 

Hu = ^fj, Hv = ^gj in xM)\{(0,0)} (5.21) 

i=i j=i 

n = 0, n = 0 in M” X (—oo, 0). 


Also, for {x, t) E we have by (|5.20p and ()5.15p that 

u{x,t) > M<h(x,t) + Uj{x,t) 

> M^{x,t) + {otnWj{t) - 2wj{tj)) 

> anWj{t) (5.22) 
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and similarly 


v{x,t) > anZj{t). 


(5.23) 


Thus by (j5.8p and (I5.10p we have 


min 


u{0,aj) v{0,aj) 

ip(aj) ’ ip(aj) 


> min 


CXn^j ) 

ipiaj) 


OinZj (flj ) 

ip{aj) 


oo 


anZjjaj) \ 

ip{aj) I 

as j —>■ oo, 


and so u and v satisfy (I2.13P and (I2.14p . 

It also follows from ()5.8p . (I5.2ip . (15.2211 and ()5.23l) that for (x,t) € flj we have 


Hu{x,t) = fj{x,t) < =pzj{t)^ < p 
Hv{x,t) = gjix,t) < Zj{t) = qWj{tY < q 

\ / 


(5.24) 


Inequalities (I5.24p also hold for {x,t) G (M*^ x M) \ (J Qj because Hu = Hv = 0 there by (j5.21l) . 

We thus obtain inequalities (|2.12ll by scaling the independent variables x and t. □ 

Proof of Theorem A2.,5[ Theorem 12.51 follows from (and is actually the same as) Lemma l4.5l i). □ 

Proof of Theorem \2.6[ Theorem 12.61 follows immediately from the conclusion (j4.22p in Lemma 14.41 

□ 
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